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§1. Main result
Let G be a connected subgroup of the group Diff(M) of diffeomorphisms
of a manifold M . It is well known that every element φ ∈ pi1(G, id) defines
an endomorphism ∂φ : H∗(M,Q) → H∗+1(M,Q) as follows. Choose a loop
{φt}, t ∈ S
1, of diffeomorphisms from G representing φ and a cycle C in M .
Then the homology class ∂φ([C]) is represented by the cycle S
1×C →M which
is spanned by C under the loop {φt}.
Suppose now that (M,ω) is a closed symplectic manifold, and take G to
be its group Ham(M,ω) of Hamiltonian diffeomorphisms. In this paper, we
discuss the following statement. As we will see in section 2 it has a number of
applications to the geometry and topology of the group of symplectomorphisms.
Theorem 1.A. Let φ be a loop in the group Ham(M,ω) of Hamiltonian dif-
feomorphisms. Then ∂φ vanishes identically for all φ ∈ pi1(Ham(M,ω), id).
Below we give the proof of this statement when M is 4-dimensional as well
as for some higher dimensional symplectic manifolds – the so-called spherically
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†Partially supported by NSF grant DMS 9704825.
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monotone manifolds and other manifolds where J-holomorphic curves are well-
behaved. See §6 for the precise assumptions on (M,ω). We believe that all
theorems stated in this paper do hold in the general case too, which forms the
subject of our forthcoming paper [LMP2]; it requires the use of the Gromov–
Witten invariants on arbitrary manifolds as developed by Fukaya–Ono [FO],
Li–Tian [LiT], Liu–Tian [LT], Ruan [R], and Hofer-Salamon [HS], and involves
a deeper and more technical analysis. There are still a number of details to be
checked.
However, all the basic geometric ideas are already present in the particular
case treated here. An early version of these ideas was described in the survey
article by McDuff [M2].
These ideas were inspired by a recent result of Seidel [Se] who discovered
a canonical action of a certain extension of the group pi1(Ham(M,ω)) on the
quantum homology ring of M that arises from the natural action of the ele-
ment φ on the loop space of M . Seidel defines this action under the additional
assumptions mentioned above, and we will show that in this case 1.A can be
deduced from Seidel’s result by simple geometric arguments.
Notice that the particular case of 1.A stating that the map
∂φ : H0(M,Q)→ H1(M,Q)
vanishes simply means that the orbits of a periodic Hamiltonian flow 1 are
homologous to zero. This is a classical result and is very easy to prove (see
[BP], II-1.3). Also when φ is a Hamiltonian circle action the statement of 1.A
immediately follows from a result of Kirwan (see 3.C below.)
To our knowledge, the results of the present paper constitute the first appli-
cation of Quantum homology to Hamiltonian mechanics.
The paper is organized as follows. In §2 we explain what “topological rigid-
ity” is, and we derive from 1.A a new case of the Flux Conjecture. In §3 we
reformulate 1.A in the more geometric language of symplectic fibrations over
the 2-sphere. In §4 we describe Seidel’s action and give the proof of 1.A. in the
particular cases explained in §6. §5 contains a refinement of Seidel’s theory. In
particular we construct a representation of the group pi1(Ham(M,ω)) into the
group of automorphisms of an extension of the usual quantum cohomology ring
of M . Finally, in the last section, §6, we discuss the conditions on M under
which the results of the present paper hold, and what is therefore left to prove
in [LMP2].
§2. Rigidity of Hamiltonian loops
Let Symp0(M,ω) be the connected component of the identity in the group of
all symplectomorphisms of (M,ω). We will say that the class φ ∈ pi1(Diff(M), id)
1In this note, when no specific mention is made, “Hamiltonian flow” is understood in the
general sense of a time-dependent Hamiltonian.
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has an ω-symplectic representative if it may be represented by a loop {φt}, t ∈
S1, in Symp0(M,ω) based at the identity. The loop {φt} is ω-Hamiltonian if
it is the flow (with respect to ω) of a time-dependent Hamiltonian function
Ht. We are interested in the question of which classes in pi1(Symp0(M,ω), id)
have Hamiltonian representatives, or equivalently of when {φt} is homotopic
(through ω-symplectic loops) to a Hamiltonian loop.
Theorem 2.A. Suppose that ω1 and ω2 are two symplectic forms on M and
that φ ∈ pi1(Diff(M), id) contains ωi-symplectic representatives {φ
i
t}, for i =
1, 2. Then φ contains a ω1-Hamiltonian representative if and only if it contains
a ω2-Hamiltonian representative.
In other words, once we know that a loop has a symplectic representative, the
question of whether or not this representative can be chosen to be Hamiltonian
is independent of the choice of the symplectic form, and in particular of its
cohomology class. This forms the content of the phenomenon of topological
rigidity of Hamiltonian loops which is announced in the title of the present
note. 2
One situation in which this applies is when ω′ is a C∞-small perturbation of
ω in the space of closed 2-forms. Using Moser’s argument one can easily show
that any given ω-symplectic loop {φt} can be perturbed to an ω
′-symplectic
loop {φ′t} provided that ω
′ is sufficiently C∞-close to ω.
Corollary 2.B. Assume in the above situation that the loop {φt} is homotopic
in Symp0(M,ω) to a Hamiltonian loop. Then the loop {φ
′
t} is homotopic in
Symp0(M,ω
′) to a Hamiltonian loop.
In other words, the property of a loop of symplectomorphisms to be Hamil-
tonian up to homotopy is stable with respect to (small) deformations of the
symplectic structure.
The above theorem is an almost immediate consequence of 1.A because of
the characterization of Hamiltonian loops via the flux homomorphism. Recall
that the flux homomorphism
Fω : pi1(Symp0(M,ω), id)→ H
1(M,R)
can be defined as follows. For an element φ ∈ pi1(Symp0(M,ω), id) and for a
class a ∈ H1(M,Q) set
(Fω(φ), a) = ([ω], ∂φa),
where ∂φ is the homomorphism defined in §1 and (·, ·) is the natural pairing.
It is well-known that φ is represented by a Hamiltonian loop if and only if
Fω(φ) = 0. (See Chapter 10 of [MS2], for example.)
2 Actually, the proof of Theorem 2.A shows that the following stronger statement holds: if
the class φ contains a ω1-Hamiltonian representative, then any ω2-symplectic loop is homo-
topic through ω2-symplectic loops to a ω2-Hamiltonian loop. This result implies the following
slighly different version of 2.A: the loop {φ1
t
} is homotopic (through ω1-symplectic loops) to
a Hamiltonian loop if and only if the same is true for {φ2
t
}.
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Proof of 2.A: Observe that the homomorphism ∂ : H1(M,Q) → H2(M,Q)
associated to the loop {φ1t} equals that associated to {φ
2
t}, since the loops are
homotopic in the group of diffeomorphisms. If we know that {φ1t} for example
is homotopic to a Hamiltonian loop then 1.A applied to {φ1t} implies that ∂
vanishes. Thus the loop {φ2t} has zero flux and hence it is Hamiltonian up to
homotopy. ✷
Define the flux subgroup Γω ∈ H
1(M,R) as the image of the flux homomor-
phism. The importance of this notion is due to the fact that Ham(M,ω) is
C1-closed in Symp0(M,ω) if and only if Γω is a discrete subgroup of H
1(M,R).
The statement that Γω is discrete is known as the C
1-flux conjecture. It is proved
in various cases with the use of both “soft” and “hard” methods, however it is
still unsolved in full generality: see Lalonde–McDuff–Polterovich [LMP1]. The
technique of the present paper allows it to be established in the following new
case.
Theorem 2.C. The flux conjecture holds for all closed symplectic manifolds
(M2n, ω) with first Betti number equal to 1.
Note that there are plenty of closed symplectic manifolds with first Betti
number equal to 1 (see Gompf [G]), though none of the interesting new ex-
amples are known to have nontrivial pi1(Symp0(M); id). Theorem 2.C follows
immediately from the next more general statement.
Theorem 2.D. The rank over Z of the group pi1(Symp0(M))/pi1(Ham(M))
(which is identified with Γω by the Flux homomorphism) is not greater than
the first Betti number of M . In particular, it is finitely generated over Z.
Proof: If the first statement does not hold, there are symplectic loops φ1, . . . , φm
withm > β1(M) whose fluxes λi = Fω(φi) are independent over Z inH
1(M,R).
Perturb the form ω to a rational form ω′ and then perturb the loops φi to ω
′-
symplectic loops φ′i with fluxes λ
′
i. Since the λ
′
i are rational, there is a non-trivial
integral linear combination of them λ′ = Σiniλ
′
i that vanishes. Therefore by
Theorem 1.A the homomorphism ∂φ′ associated to the loop φ
′ = Πi(φ
′
i)
ni van-
ishes. Thus ∂φ = 0 for the loop φ = Πi(φi)
ni and hence this loop has zero flux.
But this means that φ is in pi1(Ham(M)), contradicting the hypothesis. ✷
§3. Symplectic fibrations over S2
There is a correspondence between loops in the group of symplectic diffeo-
morphisms and symplectic fibrations over S2 with fiber (M,ω). By definition a
symplectic fibration is a fibration such that the changes of trivialisation preserve
a given symplectic form ω on the fibers. In other words, the structure group
of the fibration is Symp(M). The correspondence is given by assigning to each
symplectic loop φt∈[0,1] in Symp0(M) the fibration (M,ω)→ Pφ → S
2 obtained
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by gluing a copy of D+2 ×M with another D
−
2 ×M along their boundary in the
following way:
(2pit, x) 7→ (−2pit, φt(x)).
(Here D2 is the closed disc of radius 1 of the plane.) In what follows we always
assume that the base S2 is oriented, and with orientation induced from D+2 .
Note that this correspondence can be reversed: given a symplectic fibration
over the oriented 2-sphere together with an identification of one fiber with M ,
one can reconstruct the homotopy class of φ.
An important topological tool for the study of such fibrations is the Wang
exact sequence:
...→ Hj−1(M,Z)
∂φ
→ Hj(M,Z)
i
→ Hj(Pφ,Z)
∩[M ]
→ Hj−2(M,Z)→ ...
This sequence can be easily derived from the exact sequence of the pair (Pφ,M),
whereM is identified with a fiber of Pφ. The important point for us is, of course,
that the boundary map Hj−1(M)→ Hj(M) is precisely the homomorphism ∂φ
that interests us. Thus ∂φ vanishes exactly when the inclusion i is injective or,
equivalently, when the restriction map ∩[M ] is surjective.
We say that a symplectic fibration is Hamiltonian if the corresponding loop
of symplectomorphisms is homotopic to a Hamiltonian loop. The crucial point
is that Pφ is Hamiltonian if and only if the cohomology class of the symplectic
structure on the fiber extends to a cohomology class on the total space. This is
most easily seen if one considers the Wang sequence on cohomology
...→ Hj+1(Pφ)
restr
→ Hj+1(M)
∂∗φ
→ Hj(M)→ Hj+2(Pφ)→ ...
where ∂∗φ denotes the dual of ∂φ, and notes that φ is Hamiltonian exactly when
∂∗φ([ω]) = 0.
With this language, Theorem 1.A above is equivalent to the following state-
ment.
Theorem 3.A. Let φ be a Hamiltonian loop on a closed symplectic manifold
(M,ω). Then the homomorphism i : H∗(M,Q)→ H∗(Pφ,Q) is injective.
The proof of this statement is sketched in the next section. The formula-
tion of the rigidity phenomenon 2.A in the language of symplectic fibrations is
especially simple.
Theorem 3.B. Let φ be a Hamiltonian loop on a closed symplectic manifold
(M,ω). Consider the connected component of Pφ in the space of all symplectic
fibrations with fiber M and base S2 (where the symplectic form on M is al-
lowed to vary). Then the whole connected component is formed of Hamiltonian
fibrations.
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Remark 3.C. Certain special cases of 3.A and 3.B are already known. One
of them was pointed out to us by Seidel, namely when the structure of the
symplectic fibration p : Pφ → S
2 comes from a Ka¨hler structure on the total
space Pφ such that the projection p is holomorphic. In this situation 3.A and 3.B
follow from a result due to Deligne which states that the Leray spectral sequence
of Pφ degenerates: see Chapter 3.5 in Griffiths–Harris [GH]. Another special
case is when φ is generated by a circle action. In this case, one considers the
equivariant cohomology H∗S1(M,Q) that is defined to be the usual cohomology
of the homotopy quotient
M//S1 = ES1 ×S1 M,
where pi : ES1 → BS1 = CP∞ is the universal S1-bundle: see Kirwan [K]. It
is easy to check that the bundle Pφ → S
2 is just the restriction of the bundle
M//S1 → CP∞ to CP 1. Further, one can check that the vanishing of ∂φ is
equivalent to the degeneration of the spectral sequence for the cohomology of
M//S1, a fact that is proved by Kirwan in [K] by using localization formulas.
Thus 3.A gives an alternative proof of this degeneration.
Since p : Pφ → S
2 is a Hamiltonian fibration it carries a natural deforma-
tion class of symplectic forms given by the weak coupling construction. Recall
that the coupling class uφ ∈ H
2(Pφ,R) is the (unique) class whose top power
vanishes, and whose restriction to a fiber coincides with the cohomology class of
the fiberwise symplectic structure. Let τ be a positive generator of H2(S2,Z).
The deformation class above consists of symplectic forms Ω which represent the
cohomology class of the form uφ + κ p
∗τ (κ >> 0) and extend the fiberwise
symplectic structure. It is always possible to choose Ω so that it is a product
with respect to the given product structure near the fibers M0 at 0 ∈ D
+
2 and
M∞ at 0 ∈ D
−
2 : see the proof of Lemma 3.E below.
Besides the coupling class uφ, the total space Pφ carries another canonical
second cohomology class
cφ = c1(TP
vert
φ ) ∈ H
2(Pφ,R)
that is defined to be the first Chern class of the vertical tangent bundle.
Remark 3.D. The existence of this extension cφ of the first Chern class c1(TM)
provides a natural explanation of a phenomena that was first observed by Mc-
Duff in [M1] and rediscovered by Lupton–Oprea [LO], namely that the flux
homomorphism Fω : pi1(Symp0(M,ω)) → H
1(M,R) vanishes when the sym-
plectic class [ω] is a multiple of c1.
Both classes uφ, cφ behave well under compositions of loops. More precisely,
consider two elements φ, ψ ∈ pi1(Ham(M,ω)) and their composite ψ ∗ φ. This
can be represented either by the product ψt ◦ φt or by the concatenation of
loops. It is not hard to check that the bundle Pψ∗φ can be realised as the fiber
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sum Pψ#Pφ obtained as follows. Let Mφ,∞ denote the fiber at 0 ∈ D
−
2 in Pφ
and Mψ,0 the fiber at 0 ∈ D
+
2 in Pψ . Cut out open product neighborhoods of
each of these fibers and then glue the complements by an orientation reversing
symplectomorphism of the boundary. The resulting space may be realised as
D+2 ×M ∪αφ,−1 S
1 × [−1, 1] ∪αψ,1 D
−
2 ×M,
where
αφ,−1(2pit, x) = (2pit,−1, φt(x)), αψ,1(2pit, 1, ψt(x)) = (2pit, x),
and this may clearly be identified with Pψ∗φ. Set
Vφ = D
+
2 ×M ∪ S
1 × [−1, 1/2), Vψ = S
1 × (−1/2, 1] ∪ D−2 ×M.
The next lemma follows imediately from the construction of the coupling
form via symplectic connections: see [P2] or [MS2].
Lemma 3.E. The classes uψ∗φ and cψ∗φ are compatible with the decomposition
Pψ∗φ = Vψ ∪ Vφ in the sense that their restrictions to Vψ ∩ Vφ = (−1/2, 1/2)×
S1 ×M equal the pullbacks of [ω] and c1(TM).
Corollary 3.F. For every k ∈ {1, ..., n} the map
φ 7→
∫
Pφ
(cφ)
k(uφ)
n+1−k
defines a homomorphism Ik : pi1(Ham(M,ω))→ R.
Remark 3.G. When (M,ω) is monotone 3 the homomorphism I1 agrees with
the mixed action–Maslov homomorphism I defined by Polterovich in [P1]. How-
ever, although they are both defined in the spherically monotone case, they can
differ since I depends only on the values of cφ on spheres, while I1 may not.
Indeed
I1(φ) = cφ (PD((uφ)
n) ,
and the Poincare´ dual PD((uφ)
n) ∈ H2(Pφ) need not be in H
S
2 (M) ⊗ R. For
example, if M is a nontrivial S2-bundle over a Riemann surface of genus > 0
and φ is given by an S1-action that rotates the fibers of M it is not hard to
check that PD((uφ)
2) is not spherical.
§4 Seidel’s maps Ψφ,σ
We start with the definition of the quantum cohomology ring of M . In view
of our purposes in the next section, we will give two versions of this definition,
3 In this note we will say that (M,ω) is monotone if, for some positive κ ∈ R, c1(TM) =
κ[ω] on the whole of H2(M). If this equation holds only on the spherical part HS2 (M) of H2
we will call (M,ω) spherically monotone.
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one with rational and one with real coefficients. To simplify our formulas we
will denote the first Chern class c1(TM) of M by c.
Let Λ be the usual (rational) Novikov ring of the group H = HS2 (M,Z)/∼
with valuation ω(.) where B ∼ B′ if ω(B − B′) = c(B − B′) = 0, and let ΛR
be the analogous (real) Novikov ring based on the group HR = H
S
2 (M,R)/ ∼.
Thus the elements of Λ have the form∑
B∈H
λBe
B
where for each κ there are only finitely many nonzero λB ∈ Q with ω(B) < κ,
and the elements of ΛR are ∑
B∈HR
λBe
B,
where λB ∈ R and there is a similar finiteness condition.
4 Set QH∗(M) =
H∗(M)⊗Λ and QH∗(M,ΛR) = H∗(M)⊗ΛR. Then QH∗(M) is Z-graded with
deg(a⊗eB) = deg(a)−2c(B). It is best to think of QH∗(M,ΛR) as Z/2Z-graded
with
QHev = Hev(M)⊗ ΛR, QHodd = Hodd(M)⊗ ΛR.
With respect to the quantum intersection product (defined in §5 below) both
versions of quantum homology are graded-commutative rings with unit [M ].
Further, the units in QHev(M,ΛR) form a group QHev(M,ΛR)
× that acts on
QH∗(M,ΛR) by quantum multiplication.
Now we describe how Seidel arrives at an action of the loop φ on the quantum
homology of M . Denote by L the space of contractible loops in the manifold
M . Fix a constant loop x∗ ∈ L, and define a covering L˜ of L with the base
point x∗ as follows. Note first that a path between x∗ and a given loop x can
be considered as a 2-disc u in M bounded by x. Then the covering L˜ is defined
by saying that two paths are equivalent if the 2-sphere S obtained by gluing
the corresponding discs has ω(S) = c(S) = 0. Thus the covering group of L˜
coincides with the abelian group H.
Let φ = {φt} be a loop of Hamiltonian diffeomorphisms. Because the orbits
φt(x), t ∈ [0, 1], of φ are contractible (see [LMP1]), one can define a mapping
Tφ : L → L which takes the loop {x(t)} to a new loop {φtx(t)}. Let T˜φ be a lift
of Tφ to L˜. To choose such a lift one should specify a homotopy class of paths in
L between the constant loop and an orbit of {φt}. It is not hard to see that in
the language of symplectic fibrations this choice of lift corresponds to a choice
of an equivalence class σ of sections of Pφ, where two sections are identified if
their values under cφ and uφ are equal. Thus the lift can be labelled T˜φ,σ.
4In [Se] Seidel works with a simplified version of the Novikov ring Λ where the coefficients
λB affecting e
B, B ∈ H, are elements of Z/2Z. However, his results extend in a staightforward
way to the case of rational coefficients by taking into account orientations on the moduli spaces
of pseudo-holomorphic curves. Let us emphasize that in our definition of ΛR not only the
coefficients λB are real, but also the exponents B belong to a real vector space HR.
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Recall now that the Floer homology HF∗(M) can be considered as the
Novikov homology of the action functional on L˜. Therefore T˜φ,σ defines a nat-
ural automorphism (T˜φ,σ)∗ of HF∗(M). Further, if Φ : HF∗(M)→ HQ∗(M) is
the canonical isomorphism constructed in Piunikhin–Salamon–Schwartz [PSS],
there is a corresponding automorphism Ψφ,σ of QH∗(M) given by
Ψφ,σ = Φ ◦ (T˜φ,σ)∗ ◦ Φ
−1.
This gives rise to an action of the group of all pairs (φ, σ) on QH∗(M).
Seidel shows that when M satisfies a suitable semi-positivity condition the
map Ψφ,σ : QH∗(M) → QH∗(M) is in fact induced by quantum multipication
by an element of QHev(M)
× that is formed from the moduli space of all J-
holomorphic sections of Pφ. In our work we in a sense go backwards. We give a
new definition of the maps Ψφ,σ that does not explicitly mention Floer homology
and will prove that they are isomorphisms by a direct gluing argument. We will
see in the next section that our map does agree with Seidel’s. Further, our
version of the definition no longer restricts us to using the coefficients Λ via the
covering L˜ → L. Instead we will consider the extension ΛR, which will allow us
to define an action of the group pi1(Ham) itself.
Let Ω be a symplectic form on Pφ that extends ω and is in the natural
deformation class uφ + κ p
∗(τ). As above, define an equivalence relation on
the set of homology classes of sections of Pφ by identifying two such classes
if their values under cφ and uφ are equal. Then, given a loop of Hamiltonian
diffeomorphisms φ on M , and an equivalence class of sections σ of Pφ with
d = 2cφ(σ), define a Λ-linear map
Ψφ,σ : QH∗(M)→ QH∗+d(M)
as follows. For a ∈ H∗(M,Z), Ψφ,σ(a) is the class in QH∗+d(M) whose inter-
section with b ∈ H∗(M,Z) is given by:
Ψφ,σ(a) ·M b =
∑
B∈H
n(i(a), i(b);σ + i(B))eB .
Here n(v, w;D) denotes the Gromov–Witten invariant which counts isolated J-
holomorphic stable curves in Pφ of genus 0 and two marked points that represent
the equivalence class D and whose marked points go through given generic
representatives of the classes v and w in H∗(Pφ,Z). More precisely, one defines
n(v, w;D) to be the intersection of the virtual moduli cycle
ev :M
ν
0,2(Pφ, J,D)→ Pφ × Pφ,
that consists of all perturbed J-holomorphic genus 0 stable maps that lie in
class D and have 2 marked points, with a generic representative of the class
v ⊗ w in Pφ × Pφ. This definition is well understood provided M is spherically
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monotone or has minimal spherical Chern number 5 N ≥ n− 1. In the general
case, the definition of Gromov-Witten invariants along these lines forms the
subject of recent works [FO],[LiT],[LT],[R] and [HS]. Further, we have written
i for the homomorphism H∗(M) → H∗(P ) and ·M for the linear extension to
QH∗(M) of the usual intersection pairing on H∗(M,Q). Thus a ·M b = 0 unless
dim(a) + dim(b) = 2n in which case it is the algebraic number of intersection
points of the cycles. Note finally that, by Gromov compactness, there are for
each given energy level κ only finitely many homology classesD with ω(D−σ) ≤
κ that are represented by J-holomorphic curves in Pφ. Thus Ψφ,σ(a) satisfies
the finiteness condition for elements of QH∗(M,Λ).
Since n(i(a), i(b);D) = 0 unless 2cφ(D) + dim(a) + dim(b) = 2n, we have
Ψφ,σ(a) =
∑
aB ⊗ e
B,
where
dim(aB) = dim(a) + 2cφ(D) = dim(a) + 2cφ(σ) + 2c(B).
Observe also that
Ψφ,σ+B = Ψφ,σ ⊗ e
−B.
When M is spherically monotone or has minimal spherical Chern number
at least n− 1 the following two results are proved by Seidel. The general case
will be established in [LMP2].
Lemma 4.A. If φ is the constant loop ∗ and σ0 is the flat section pt × S
2 of
P∗ =M × S
2 then Ψ∗,σ0 is the identity map.
Proposition 4.B. Given sections σ of Pφ and σ
′ of Pψ let σ
′#σ be the union
of these sections in the fiber sum Pψ#Pφ = Pψ∗φ. Then
Ψψ,σ′ ◦Ψφ,σ = Ψψ∗φ,σ′#σ.
The main step in the proof of these statements is to show that when calcu-
lating the Gromov-Witten invariant n(i(a), i(b);D) via the intersection between
the virtual moduli cycle and the class i(a)⊗ i(b) we can assume the following:
— the representative of i(a)⊗ i(b) has the form α×β where α, β are cycles lying
in the fibers of Pφ;
— the intersection occurs with elements in the top stratum of M
ν
0,2(Pφ, J,D)
consisting of sections of Pφ.
Lemma 4.A is then almost immediate, and Proposition 4.B can be proved by
the well-known gluing techniques of [RT] or [MS1].
5 The minimal spherical Chern number N is the smallest positive integer such that the
image of c = c1(TM) on HS2 (M) is contained in NZ. It equals to +∞ when this image
vanishes.
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Corollary 4.C. Ψφ,σ is an isomorphism for all loops φ and sections σ.
With this in hand, we can establish Theorem 3.A and hence also 1.A.
Proof of 3.A:
Gromov-Witten invariants are linear in each variable. Thus if i(a) = 0 for
some a 6= 0, then Ψφ,σ(a) = 0, a contradiction with the fact that Ψφ,σ is an
isomorphism. ✷
§5 The representation of pi1(Ham(M))
In this section we prove the following mild generalization of the main result
in [Se].
Theorem 5.A. There exists a homomorphism
Ψ : pi1(Ham(M,ω))→ QHev(M,ΛR)
×.
Our homomorphism is obtained from Seidel’s by a process of averaging, and
contains much the same information.6 In particular, his calculations show that
it is nontrivial in many cases. Our averaging procedure forces us to work with
the real Novikov ring ΛR which was introduced in the previous section. Note
also that one cannot always replace ΛR by Λ even when ω is integral unless
(M,ω) is spherically monotone.
In order to use the maps Ψφ,σ to define a representation of the group
pi1(Ham(M,ω)) we must make a canonical choice of section σφ that (up to
equivalence) satisfies the composition rule
σψ∗φ = σφ#σψ ,
where σφ#σψ denotes the obvious union of the sections in Pψ∗φ = Pψ#Pφ.
Unfortunately, it is not always possible to do this if one just considers usual
sections. Further, one has to proceed slightly differently in the case when the
classes [ω] and c = c1(TM) are linearly dependent on H
S
2 (M). So let us assume
to begin with that these classes are linearly independent.
We will say that σ is an R-section of Pφ if it is a finite sum
∑
λiσi, λi ∈ R,
of sections such that
∑
λi = 1. Then, by our assumption on [ω] and c, there is
an R-section σφ such that
uφ(σφ) = 0, cφ(σφ) = 0.
Clearly, the equivalence class of this R-section is unique. Also, by Lemma 3.E
the needed composition rule holds. Further, the definition of the map Ψφ,σφ
still makes perfect sense provided that one allows the coefficients B to belong
6 In fact, when (M,ω) is spherically monotone, we may take the range of this homomor-
phism to be QHev(M,Λ)×. This case of our theorem was proved in the first version of Seidel’s
paper.
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to HR = H
S
2 (M,R)/∼ so that the sum σφ + B can be integral. We therefore
get a representation
ρ : pi1(Ham(M,ω))→ HomΛR(QH∗(M,ΛR))
of pi1(Ham(M)) in the group of automorphisms of the ΛR-module QH∗(M,ΛR).
One should think of the R-section σφ as an average of the sections in Pφ.
The effect of enlarging the Novikov ring to ΛR is thus to make enough room to
take this average.
Now consider the case when the classes [ω] and c are linearly dependent on
HS2 (M). The difficulty here is that the canonical extensions uφ and cφ need not
be dependent on HS2 (Pφ). (For example, consider the case when φ is a rotation
of M = S2.) Therefore, there may be no R-section such that uφ(σφ) = 0,
cφ(σφ) = 0. However, in this case, the equivalence relation on HR is given
simply by [ω]. Moreover, if the class uφ has the same value on the two sections
σ, σ′, so does cφ. Hence it suffices to choose σφ so that uφ(σφ) = 0. The value
of cφ on σφ is the same for all choices of σφ (though it may not be zero), and so
σφ is still unique up to equivalence. Thus the previous arguments go through.
In order to complete the proof of Theorem 5.A we have to show that the
automorphisms in the image of ρ commute with the quantum intersection prod-
uct. To do this, it is useful to describe the homomorphism ρ in the terms used
by Seidel. Recall that the quantum intersection product a ∗M b of two classes
a ∈ Hi(M,Q), b ∈ Hj(M) is defined as follows:
a ∗M b =
∑
B∈H
(a ∗M b)B ⊗ e
B,
where (a ∗M b)B ∈ Hi+j−2n+2c(A) is defined by the requirement that
(a ∗M b)B ·M c = nM (a, b, c;B),
where nM (a, b, c;B) is the “number of isolated J-holomorphic spheres in class
B that meet a, b, and c”. More precisely, nM (a, b, c;B) is the Gromov–Witten
invariant that counts the number of (perturbed) J-holomorphic curves in class
B that meet the classes a, b and c. This product is extended to QH∗(M) by
linearity over Λ. It clearly extends also to ΛR. Note here that when defining
a ∗M b we still sum over classes B ∈ H (and not B ∈ HR), since J-holomorphic
spheres can only represent integral classes.
The next proposition appears in Seidel when M satisfies the semi-positivity
condition described in §6. The proof in general follows by looking at what hap-
pens to the Gromov–Witten invariants n(i(a), i(b), D) when the representatives
of i(a) and i(b) are taken to lie in the same fiber.
Proposition 5.B. For all φ ∈ pi1(Ham(M)),
ρ(φ)(a) = Ψφ,σφ([M ]) ∗M a.
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Proof of Theorem 5.A.
This is now clear. By Proposition 5.B the homomorphism
Ψ : pi1(Ham(M))→ QH∗(M ; ΛR)
×
is given by φ 7→ ρ(φ)([M ]). ✷
§6 What is proved and what will be proved
The outline of the proof of Theorem 1.A (or of the equivalent Theorem 3.A)
given above becomes completely rigorous provided (M,ω) satisfies one of the
following assumptions which were used by Seidel in [Se] for definition of his
action:
(i) (M,ω) is spherically monotone;
(ii) The minimal spherical Chern number N does not exceed n− 1.
The same is true for our results in §5.
The reduction of our results in section 2 and 3 to 1.A is “soft” and works
without any additional conditions. The only point where one should be care-
ful is that we need 1.A to hold simultaneously for all symplectic forms under
consideration. In view of this, 2.A is proved provided each of two symplectic
forms satisfy either (i) or (ii), while for 2.B and 3.B one needs to assume the
deformation invariant assumption (ii).
In [LMP2] we will prove 1.A in full generality, and thus all the results of the
present paper will be confirmed without additional assumptions.
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